Abstract-We reviewed the recent progress in the left-handed materials with simultaneously negative permittivity and permeability. Attention has been given to the fundamental electromagnetic properties in the left-handed material, metamaterial designs, applications, and homogenization methods.
INTRODUCTION
Since the first artificial left-handed material (LHM) based on the splitring resonators [1] and metallic rods [2] was realized and the negative refraction was experimentally verified [3] , LHMs have attracted more and more interest due to its unusual properties, such as backward wave propagation, negative refraction, reversed Doppler shift and reversed Cerenkov radiation [4] . The applicability of LHMs for lensing which avoids the diffraction limit as proposed by Pendry [5] further increased the interest in this topic. The field continues to expand due to its potential properties and applications related with electromagnetic waves.
In this paper, we make a brief review on the recent progress in this field. We examine the electromagnetics and physics of LHMs, including the aspects of wave propagation [6] [7] [8] [9] [10] [11] , scattering , guided waves [38] [39] [40] [41] [42] [43] [44] [45] [46] [47] [48] [49] [50] , and antenna applications . In addition, we reviewed the metamaterial designs [78] [79] [80] [81] [82] [83] [84] [85] [86] [87] and the approaches to characterize these composite materials [88] [89] [90] [91] [92] [93] [94] [95] [96] [97] [98] . For the sake of clarity, in the paper, the term of LHMs refer to a homogenous body with simultaneous negative permittivity and permeability, while the term of metamaterials refer to composite materials that exhibit LHM properties on average over a specific frequency band.
CONSTITUTIVE RELATIONS AND WAVE PROPAGATION
The study of EM wave propagation and scattering begins with Maxwell equations, which relate the fields with materials. For source free region, Maxwell equations are:
In universe, the most general representation of constitutive relations of materials is bianisotropic in form [6] 
Under time harmonic excitations, the constitutive matrices are usually complex and frequency dependent. In general, there are altogether 72 real parameters. The simplest case is the isotropic material for which the constitutive relation is written as: D = εE, B = µH. For many common materials, the real part of permittivity and permeability are positive. When wave propagates in these media, we can see from equation (1) that the electric field E, magnetic field H and wave vectors k form a right-handed triad, this media is called right-handed media (RHM). If both of the permittivity and permeability are negative, which is the case Veselago studied [4] , waves can still propagate and equation (1) becomes: k × E = −ω|µ|H, k × H = ω| |E. We see that E, H and k form a left-handed triad. At the same time, the Poynting power is still defined as S = E × H, which indicates that E, H and S still builds a right-handed triad. Therefore, the phase velocity (in the direction of wave vector) and group velocity (in the direction of Poynting power) are in opposite direction, indicating a backward wave propagating. We called it left-handed media or backward wave medium. The refractive index is defined by n = ± √ µ . For absorbing medium, it requires n > 0. In LHMs (µ < 0, < 0), by including some small absorption (µ > 0, > 0), the condition demands that the negative sign of the square root be chosen. For passive medium, the real part of the impedance should be positive, so z = µ/ [10] . It has been shown that wave propagating in the LHMs does not violate the causality [10, 11] .
WAVE REFLECTION AND TRANSMISSION
Because the wavevector and Poynting vector are parallel in the RHMs and antiparallel in the LHMs, a beam arriving at the interface between the RHM to LHM undergoes negative refraction in order to satisfy the phase matching condition. Therefore, energy is refracted on the same side of the surface normal as the incident beam. This phenomenon has been experimentally verified by several groups [12] [13] [14] [15] [16] [17] , using beam refraction experiment [12] [13] [14] , beam shifting experiment [15, 16] , and T-junction waveguide experiment [17] , etc. Due to the phase compensation in the LHMs, some interesting scattering phenomena that do not exist in stratified RHM medium [18] [19] [20] [21] [22] [23] [24] [25] will exist in stratified medium including LHMs [26] [27] [28] [29] [30] [31] [32] [33] [34] [35] [36] [37] . A very attractive phenomenon is the perfect lens [5] . An single LHM layer with µ and both equal to −1 focus a point source in the one side of the slab into the other side with super resolution. The image resolution is not subject to the limitations of the traditional diffraction limit of a wavelength. However, the performance of the lens will greatly degraded due to the imperfections of the LHMs, such as losses, mismatches, etc [26] [27] [28] [29] [30] . To gain a better physical insight into the interaction of a point source with an LHM half space and an LHM slab, theoretically modelling with Sommerfeld integral were performed. The analysis shows that LHM half space cannot refocus the point source field to super resolution while a lossless LHM slab can [32] .
The wave interaction with multi-layer medium including LHMs have been detailed analyzed in [33] . Theoretical analysis show that a Gaussian beam reflected from a grounded LHM layer undergoes a negative lateral shift, which is distinctly different from a shift caused by a regular grounded slab [15] . Due to the negative refractive index in the left-handed material, the Goos-Hanchen shift is negative for reflection from LHMs [34] . The scattering by multiple metamaterial cylinders are studied in [35] , where it is shown that an array of metamaterial cylinders increases forward scattering cross section. While the above works focused on the isotropic materials, some people have studied the wave interaction with anisotropic or bianisotropic LHMs [36, 37] . In [36] , results show that a wide variety of effect, including negative refraction, near field focusing, high impedance surface reflection can be realized in the media with only some elements of the permeability and permittivity tensors being negative. The reflection coefficients and Goos-Hanchen shifts in anisotropic and bianisotropic LHMs have been theoretically studied in [37] , where results show that the critical angle and Brewster angle can be inverse if some components of the permittivity and permeability tensors shown in equation (2) have negative real values.
GUIDED WAVES
One of the possible applications of LHM is to guide waves in an unusual fashion. Guidance of electromagnetic waves in a dielectric slab is based on total internal reflection [38] . In material with negative constitutive parameter(s), the supported guided waves cannot be explained by total internal reflection alone. For example, guidance with a slab of electric plasma discussed in [39, 40] , in which guided wave have imaginary transverse wavenumber. The implementation of such medium by wires and the corresponding guided waves were discussed in [41] . Besides guiding with a slab, it is also possible to support such waves when there is only a single interface, instead of two, between regular medium and metamaterials, as described in [42, 43] .
Waves in a slab of negative refractive medium with simultaneous negative permittivity and permeability were first discussed in [44, 45] . In [46] [47] [48] , the guidance conditions of a slab waveguide with imaginary transverse wavenumbers was first shown to exist in addition to the guided modes with real transverse wavenumbers. These modes can be experimentally measured, and can serve as a means to identify an isotropic material that possesses simultaneously negative values of and µ. The guidance conditions of the guided modes with both real and imaginary transverse wavenumbers inside in a symmetric dielectric slab with negative permittivity and permeability were solved and it was found that for real transverse wavenumbers, there exist cutoffs for the all modes. In addition, the guidance condition of the modes with imaginary transverse wavenumbers in the slab was shown to exist. Propagation of guided waves inside a less dense negative medium was shown possible. So, for real transverse wavenumbers, there exist cutoffs for the all modes, whereas for imaginary transverse wavenumbers, depend on the constitutive parameters, modes with no cutoffs can exist. In addition, the power flows of the waves inside and outside the slab are in opposite direction. Besides the solutions for guided waves with imaginary transverse wavenumber, solutions with complex transverse wavenumber also exist [49] , but the wave will propagate along the guide with some loss. As more understanding of guided wave behavior is gained, applications [50] have also been proposed to take advantage of the phenomenon.
ANTENNA
Researches have also been done on the applications of left-handed metamaterials in antenna systems. It began with study of using photonic crystal [51] [52] [53] , and it was noted that the spatial dispersive properties of photonic crystal can be use to enhance gain of antenna [54] . Emission in metamaterials using an antenna has been presented in 2002 by Enoch et al. [55] , in which they have demonstrated the feasibility of using a mesh medium to direct the emission of an embedded source towards the normal of the substrate, thus confining the radiated energy to a small solid angle. Based on a lossless Drude's model for plasma, when operating close to the plasma frequency of the medium, the effective permittivity is nearly zero, and hence yields a low index of refraction. If we place a dipole in a substrate with index of refraction n ≈ 0, based on Snell's Law:
Hence the exiting ray from the substrate will be close to the normal of surface [55] . Therefore, the closer the operating frequency is to the plasma frequency, the better the directivity. In some way, it is similar to using a metallic waveguide lens antenna system [56] , but in this case, the feeding antenna is inside the substrate, rather than outside. Plasma coated antennas [57, 58] have also been studied, in which it was found the interaction between the antenna, plasma and free space can be used to tune impedance and directivity.
Metamaterials with simultaneous negative permittivity and permeability can also be used as superstrate for antenna [59, 60] . Moreover, if the substrate is anisotropic, the permittivity and permeability elements of the constitutive matrix can be further adjusted to yield directivity gain [61] . Based on this, left-handed metamaterial (where the effective permittivity and permeability: ef f and µ ef f will be zero at certain frequencies) can be used as a substrate in order to achieve a wider frequency band of high directivity. Through the control of the structure's geometry, the frequencies where ef f = 0 and µ ef f = 0 can be tuned to the desired specification to produce directional emission. Analytic method is able to predict features of the experimental results, implying that within a certain frequency range, we can treat the metamaterial as being anisotropically homogeneous. By manipulating the and µ through specific inclusion of metal in dielectrics, the desired substrate properties and radiation characteristics can be obtained.
METAMATERIAL DESIGN AND HOMOGENIZATION
Take the advantages of its usual properties, LHM can be used in a wide variety of applications, such as resonators, radome, antenna, sensor and coupler etc [59] [60] [61] [62] [63] [64] [65] [66] [67] [68] [69] [70] [71] [72] [73] [74] [75] [76] [77] . The applications of LHMs rely much on the properties of the metamaterials, calling for the improvement of the material performance. The original SRRs have shown to exhibit bianisotropic effects [9] , which means that a magnetic field incident on the ring particles polarizes both the electric and magnetic field. In order to eliminate the effects of bianisotropy, Marques et al suggested to use a broad-side coupled SRRs [78] . Because the two half rings have a size in equal, the induced electric dipole moments on each ring would cancel, and only magnetic dipole moments left. Rings with smaller electrical size have been studied in [79] , which is more easy to be described as a continuous medium rather than as a discrete periodic structure. The above mentioned metamaterials are composed of two separate geometries, typically a split ring and a rod, in [80, 81] , an S-shaped inclusion was proposed as a stand alone and does not require the use of an additional rod. The bandwidth of the metamaterial is further increased to be 46% by using brick wall shaped inclusions [82] . Metamaterials with some other specific properties, such as tunable [83] , dual band [84] , large permeability [85] , isotropic [86, 87] etc, were also studied and realized. The unique properties of these metamaterials make them good candidates for specific applications. The metamaterial structures realized so far are intrinsically inhomogenous, however, because their separations are very small compared to the operating wavelength, they exhibit a bulk properties, and can be characterize by macroscopic constitutive parameters. There are many homogenization methods that have been reported to characterize these metamaterials [88] [89] [90] [91] [92] [93] [94] [95] [96] [97] [98] . Smith et al calculated the effective parameters by averaging the field of the structure [88] but it is difficult to carry out in experiment. Some methods have been proposed using scattering parameters to calculate the effective permittivity and permeability [92] [93] [94] [95] [96] [97] [98] , which is more effective to implement in the experiment. The retrieved algorithm was also extended for bianisotropic SRRs [96] .
For a general bianisotropic case that containing 72 unknowns, the inverse procedure to get the constitutive parameters becomes increasing difficult.
In [97] , a differential evolution algorithm with Nelder-Mead simplex optimization method was proposed to reconstruct the constitutive parameters, which is proven feasible and robust. However, some issues are still worth to explore in this topic, for example, the retrieved results based on the scattering parameters from real metamaterial structures always shows some negative imaginary part of the permittivity or permeability in certain frequency band [98] , which is an unphysical phenomenon for a passive homogenous medium.
CONCLUSION
In this paper, the fundamental properties of the left-handed materials are examined from a systematic EM wave theory viewpoint. We reviewed recent works in the LHMs area involving with wave propagation, scattering, guidance, and radiation. The metamaterial designs and the homogenization approaches to characterize these inhomogenous metamaterial structures are also comprehensively reviewed. There are still some topics worthy to explore, such as useful engineering applications, designs, and characterizations, etc. 
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